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The strongly-modified turbulence statistics of Rayleigh–Bénard convection subject to various rotation
rates is addressed by numerical investigations. The flow is simulated in a domain with periodic boundary
conditions in the horizontal directions, and confined vertically by parallel no-slip isothermal walls at the
bottom and top. Steady rotation is applied about the vertical. The rotation rate, or equivalently the Rossby
number Ro, is varied such that Ro ranges from ∞ (no rotation) to Ro = 0.1 (strong rotation). Two different
Rayleigh numbers are used, viz. Ra = 2.5×106 and 2.5×107, characterising buoyancy due to temperature
differences. The Prandtl number σ = 1, close to the value for air. Horizontally averaged statistics show
that rotation reduces the turbulence intensity, although probability density functions clearly show that
considerable (preferably cyclonic) vorticity is added to the flow by the Ekman boundary layers on the
solid walls. Rotation changes the balance of the turbulent kinetic energy budget. It is found that for a
range of rotation rates the buoyant production is higher than without rotation. Therefore, at appropriate
rotation rates the heat flux through the fluid layer is increased relative to the non-rotating case. At
sufficiently rapid rotation, however, the heat flux through the fluid layer is strongly attenuated.

© 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

Large-scale fluid flows on Earth are primarily driven by convec-
tion and shaped by the Coriolis force due to the planetary rotation.
A striking example is the occurrence of deep convective chimneys
in polar seas, see for example Refs. [1–3]. This extends to many
other celestial bodies. For example, the outer layer of our Sun is
known to be very convective, with strong influences coming from
the axial rotation of the Sun; for a review see Miesch [4]. Fur-
ther examples are the giant planets in our solar system (see, e.g.,
Busse [5] and references therein). Thus, next to its fundamental
interest, rotating convection is a topic with broad relevance for
geophysics and astrophysics.

A relatively simple model for these complex flows is found in
Rayleigh–Bénard convection [6–8], augmented with a background
rotation (see, e.g., Sprague et al. [9] and references therein). The
Rayleigh–Bénard flow problem is defined by an unbounded hori-
zontal layer of fluid confined vertically by parallel walls and heated
from below. Rayleigh–Bénard convection is governed by two di-
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mensionless groups; the Rayleigh number Ra and the Prandtl num-
ber σ :

Ra ≡ gα�T H3

νκ
, σ ≡ ν

κ
, (1)

with g the gravitational acceleration pointing downward, and H
and �T the vertical separation and temperature difference be-
tween the walls, respectively. The fluid has kinematic viscosity ν ,
thermal diffusivity κ , and thermal expansion coefficient α. The
Rayleigh number characterises the importance of buoyancy relative
to diffusion in the flow. The Prandtl number describes the diffusive
properties of the fluid.

To describe the effects of rotation an additional parameter is
needed, the Taylor number Ta:

Ta ≡
(

2ΩH2

ν

)2

. (2)

Here Ω is the rotation rate, assumed to point counter to the grav-
itational acceleration in the current study. A very useful combina-
tion of these three dimensionless numbers is found when inserting
the so-called free-fall velocity U ≡ √

gα�T H [10,11] in the so-
called Rossby number Ro = U/(2ΩH). This results in:

Ro ≡
√

Ra

σ Ta
(3)

which quantifies the relative importance of buoyancy and rotation
in rotating Rayleigh–Bénard flow.
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In the absence of rotation Lord Rayleigh’s well-known classi-
cal result [12] identifies a critical Rayleigh number Rac = 1708 for
the onset of convection as transport mechanism next to conduc-
tion. With rotation the Rac dependence on rotation (Chandrasekhar
[13,14])

Rac � 8.7Ta2/3, (4)

is valid for Ta � 104. Rotation thus stabilises the fluid layer, i.e.,
the onset of convection is delayed, occurring at higher Ra. Never-
theless, at any given Ta, sufficiently large values of Ra will yield a
fully developed turbulent flow.

An important problem in many studies on rotating convection
is the heat transfer through the fluid layer as a function of the pa-
rameters mentioned above [15–23]. This heat transfer is commonly
expressed by the Nusselt number Nu, defined as the heat-current
density q divided by the conductive flux in absence of fluid mo-
tion:

Nu ≡ qH

λ�T
, (5)

where λ is the thermal conductivity for the still fluid. In non-
rotating convection only recently a theory has been developed that
divides the dependence of Nu on Ra and σ into several phases
using a modified boundary-layer theory [7,24,25]. With rotation,
however, such a description is still lacking.

The early experiments by Rossby [15] showed that the addition
of a modest rotation increases the Nusselt number compared to
the non-rotating value. This is counter-intuitive when taking into
account the stabilising effect of rotation [13,14], and can be in-
terpreted in terms of rotation effects in boundary layers near the
container walls. The observation of increased heat flux under rota-
tion was verified in other experiments [18,19] and simulations [22,
23,26].

It is generally accepted that the so-called Ekman pumping of
viscous boundary layers under rotation [27] is the cause of the
increase in Nu at sufficiently low rotation rates. We provide a
quantitative view of this effect by analysing the kinetic energy
budget of rotating convection for several rotation rates using di-
rect numerical simulation (DNS). The energy budgets reveal that
rotation causes larger buoyant production close to the walls. This
is balanced by increased dissipation in the bulk region. Further-
more, we address changes in the flow statistics of convection due
to application of various rotation rates. It is found that rotation
attenuates turbulence intensities even when the total heat flux is
increased. Rotation injects additional vorticity into the flow via the
walls, where cyclonic vorticity is preferred.

We start with a description of the numerical method and the
simulation procedure in Section 2. The presentation of the re-
sults is split into three parts: averaged vertical profiles of velocity,
vorticity and temperature are discussed in Section 3.1, probabil-
ity density functions of velocity, vorticity and temperature at two
different vertical positions are shown in Section 3.2, and the ki-
netic energy balance is presented in Section 3.3. The conclusions
are summarised in Section 4.

2. Numerical procedure and validation

The governing equations of turbulent rotating convection in
horizontally unbounded domains are the incompressible Navier–
Stokes and temperature equations, augmented with a rotation that
is directed vertically anti-parallel to gravity. These equations are
expressed in the Boussinesq approximation [14]:

∂u

∂t
+ (u · ∇)u + 1

Ro
ẑ × u = −∇p +

√
σ

Ra
∇2u + T ẑ,

∂T

∂t
+ (u · ∇)T = 1√ ∇2T ,
σRa
Table 1
Parameter values and resolution settings of the simulations. Note the increased ver-
tical resolution for the four highest-Ta values at Ra = 2.5 × 106; this is to resolve
the viscous boundary layer whose thickness decreases considerably at high rotation
rates.

Ra = 2.5 × 106 Ra = 2.5 × 107

Ro Ta Nx × N y × Nz Ta Nx × N y × Nz

∞ 0 128 × 128 × 64 – –
4.00 1.6 × 105 128 × 128 × 64 1.6 × 106 192 × 192 × 128
3.20 2.4 × 105 128 × 128 × 64 2.4 × 106 192 × 192 × 128
2.50 4.0 × 105 128 × 128 × 64 4.0 × 106 192 × 192 × 128
1.33 1.4 × 106 128 × 128 × 64 1.4 × 107 192 × 192 × 128
1.00 – – 2.5 × 107 192 × 192 × 128
0.75 4.5 × 106 128 × 128 × 64 4.5 × 107 192 × 192 × 128
0.50 1.0 × 107 128 × 128 × 64 1.0 × 108 192 × 192 × 128
0.40 1.6 × 107 128 × 128 × 64 1.6 × 108 192 × 192 × 128
0.33 2.3 × 107 128 × 128 × 64 2.3 × 108 192 × 192 × 128
0.25 4.0 × 107 128 × 128 × 128 – –
0.16 1.0 × 108 128 × 128 × 128 – –
0.13 1.5 × 108 128 × 128 × 128 – –
0.101 2.5 × 108 128 × 128 × 128 – –

1 According to Chandrasekhar’s stability criterion (4) this situation should remain
stable: convection is completely suppressed, the linear temperature gradient persists
and Nu = 1.

∇ · u = 0. (6)

Here u is the velocity vector, t stands for time, ẑ is the vertical unit
vector, and p and T the pressure and temperature, respectively.
These equations are written in dimensionless form; lengths are
normalised with H and temperatures with �T . The time is scaled
with the convective time scale τ ≡ H/U based on the free-fall
velocity U introduced above. This time scale is considered more
appropriate to the parameter regimes under study here than the
diffusive time scale τν ≡ H2/ν (which is equal to τκ ≡ H2/κ as
σ = 1). The choice of a time scale that is independent of Ω simpli-
fies the comparison of velocities and vorticities at various different
rotation rates (equivalently: Rossby numbers), which is our prime
aim in this article. The comparison between results at different
Rayleigh numbers, however, is less direct since U scales as Ra1/2

and correspondingly τ ∼ Ra−1/2.
The equations are solved on a rectilinear domain with periodic

boundary conditions in the horizontal directions. Both top and bot-
tom walls are no-slip (u = 0) and isothermal: T = 0 at the top wall
(z = 1) and T = 1 on the bottom wall (z = 0). The horizontal ex-
tent of the domain is important, as it should not strongly influence
the flow by imposing a length scale through the periodicity. The
natural horizontal length scale should therefore be considerably
smaller than the horizontal extent of the computational domain.
Motivated by the fact that the horizontal scale decreases when ro-
tation is applied [14,28] and the observation that the statistics of
velocity and temperature at Ta = 0 are only significantly affected
as the domain width becomes comparable to its height [29], the
horizontal lengths are taken twice the vertical size. At the lowest
non-zero Taylor number considered here, Ta = 1.6 × 105 (Table 1),
the critical wavenumber for onset of convection is kc H = 8.1 [14],
comparable to the minimal domain size constraints used by Julien
et al. [10,30]. kc is larger at higher Ta [14]; the horizontal length
scale decreases when rotation is increased.

The discretisation of the equations follows the skew-symmetric
scheme proposed by Verstappen and Veldman [31]. By adhering to
the (skew-)symmetry of the original differential operators, stabil-
ity of the scheme is ensured on any grid, as well as conservation
of mass and momentum, and, for the inviscid case, energy con-
servation. Second-order accurate difference formulations combined
with Richardson extrapolation give fourth-order accuracy in this
approach, at sufficiently fine spatial resolutions. Time-advancement
uses a so-called one-leg (one evaluation of fluxes per time step)
scheme similar to the popular Adams–Bashforth scheme [32]. For
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Fig. 1. Resolution and domain size check for the simulation at Ra = 2.5 × 106, Ro = 0.75. (a) Average temperature. (b) Root-mean-square temperature. (c) Root-mean-square
vertical velocity. (d) Root-mean-square horizontal velocity. The following cases are included: resolution 128 × 128 × 64, domain size 2 × 2 × 1 (circles, this case is taken from
Table 1), resolution 128 × 128 × 128, domain size 2 × 2 × 1 (down triangles), resolution 64 × 64 × 32, domain size 2 × 2 × 1 (plusses), resolution 128 × 128 × 128, domain
size 1 × 1 × 1 (up triangles), and resolution 64 × 64 × 64, domain size 1 × 1 × 1 (down triangles). Deviations from the reference case (resolution 128 × 128 × 64, domain size
2 × 2 × 1) are less than 3% for the mean temperature and less than 5% for the rms values.
further details on the numerical implementation and the validation
for turbulent flow in a channel the reader is referred to Verstappen
and Veldman [31].

Two series of simulations at different Ra have been performed.
In these runs Ta was varied; the parameter settings and resolutions
are summarised in Table 1. In all simulations the Prandtl number
is set to σ = 1, a value comparable to that of air and cryogenic he-
lium gas for which σ ≈ 0.7. The latter is a popular convection fluid
for experiments since very high Rayleigh numbers can be reached,
see, e.g., Refs. [33,34]. The grid was uniform in the horizontal di-
rections. A vertical distribution with a higher density of grid points
near the walls is used to resolve the boundary layers. The simu-
lation at Ra = 2.5 × 106 and Ro = 0.1 is carried out as a special
validation case, since convection should be suppressed by rotation
with these parameters. Indeed, root-mean-square (rms) flow veloc-
ities do not exceed 10−6, the linear temperature gradient remains
and the Nusselt number remains 1 with seven digits of accuracy.
The conductive state is thus well-reproduced.

Several a posteriori checks of resolution and domain size have
been performed. One case (Ra = 2.5 × 106, Ro = 0.75) has been
considered at various resolutions and domain sizes. These are com-
pared in Fig. 1. Specifically, the vertical profiles of (a) average
temperature and (b) rms temperature, and (c) the rms of verti-
cal velocity and (d) the rms of horizontal velocity are compared.
A further discussion of the physical significance of these quantities
is presented momentarily in Section 3.1. Here we restrict ourselves
to assessing effects of domain-size and spatial resolution. Clearly,
grid refinement and decrease of the domain size has very little
influence on these statistics; even a coarsening of the grid still re-
produces the results quite accurately.

Another issue is the resolution near the walls. The boundary
layers that are formed near the bottom and top walls can be
very thin compared to H . A suitable measure for their thickness
is the minimum of the wall-normal distances (denoted by dmin)
at which the maximal rms of the temperature and velocity occur,
for the thermal and viscous boundary layers, respectively. These
thicknesses were reported in Kunnen et al. [22] at Ra = 2.5 × 106.
It was verified that in all simulations at least 9 grid points are
located within dmin. A similar procedure was carried out for the
simulations at Ra = 2.5 × 107. In all these simulations at least 10
grid points were found within dmin. The near-wall resolutions are
considered acceptable, as, for example, Verzicco and Camussi [35]
find that six points clustered in the boundary layers give reli-
able results. A related validation of the near-wall resolution can
be based on the Nusselt number calculated as the average wall-
normal temperature gradient [22]. The Nusselt numbers in the
validation runs (see caption of Fig. 1) were all within 1% of the
reference case of Table 1. This close correspondence also estab-
lishes that the time-averaging process was performed over a suffi-
ciently long flow-history (more details can be found in Kunnen et
al. [22,36]).

As a final validation we compare the smallest turbulent length
scales to the largest grid spacing in the domain. The smallest
relevant length scale in this turbulent flow is estimated by the
Kolmogorov length η ≡ ν3/4/ε1/4, where ε is the kinetic energy
dissipation rate. In these convective flows the Batchelor scale ηT ≡
η/σ 1/2 is also relevant, but for unit Prandtl number it is equal to
η and does not require separate consideration. An a priori estimate
of the Kolmogorov length is η = σ 1/2/[Ra(Nu − 1)]1/4 [37]. In all
simulations we verified that the maximal grid spacing was always
smaller than 4η, a criterion found to be sufficient in Refs. [29,35].
Our grid-requirement is actually stricter than these references. The
maximal vertical grid-point spacing is found at z = 0.5. There the
local dissipation rate is smallest and the local Kolmogorov scale
is thus considerably larger than the a priori estimate would sug-
gest.
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Fig. 2. Average temperature profiles, 〈T 〉, as a function of z, for: (a) Ra = 2.5 × 106, (b) Ra = 2.5 × 107. The curves are: Ro = ∞ (thick solid line), Ro = 4.00 (�), Ro = 3.20 (◦),
Ro = 2.50 (+), Ro = 1.33 (�), Ro = 1.00 (∗), Ro = 0.75 (♦), Ro = 0.50 (�), Ro = 0.40 (×), Ro = 0.33 (�), Ro = 0.25 (•), Ro = 0.16 (�), Ro = 0.13 (
), and Ro = 0.10 (dashed
line). Note that the horizontal axis does not represent the full temperature range. The insets of (a) and (b) are the Ro = ∞ and Ro = 4.00 curves plotted for the full
temperature range (0 − 1), respectively. At Ra = 2.5 × 107 no Ro = ∞ case is simulated.
3. Rotational dependence of flow statistics

In this section the averaged vertical profiles of velocity, vorticity
and temperature are discussed first (Section 3.1). Then the proba-
bility density functions of temperature, velocity and vorticity are
presented (Section 3.2). In Section 3.3 the turbulent kinetic energy
balance is examined.

3.1. Vertical profiles for temperature, velocity and vorticity

We start the presentation of the results with quantities aver-
aged over time and over the horizontal directions. These provide
a general overview of the influence of rotation on convection. In
Fig. 2 the vertical profile of the average temperature 〈T 〉 is pre-
sented, at both Rayleigh numbers and all Rossby numbers included
in this study. For the non-rotating case (thick solid line in the left
panel) the well-known profile consisting of two boundary layers
connecting the well-mixed bulk to the walls is recovered (see also,
e.g., Kerr [38]). As rotation is introduced, a negative temperature
gradient in the bulk persists. Its magnitude is dependent on Ro.
The gradient in the bulk should become equal to −1 when Ro is
lower than the critical Rossby number. This applies at Roc � 0.127
for Ra = 2.5 × 106 and at Roc � 0.072 when Ra = 2.5 × 107. At
Ra = 2.5 × 106 and Ro = 0.10 indeed the linear gradient is con-
served (dashed line in the left panel).

We have calculated the gradient of average temperature 〈T 〉 at
the half-height (z = 0.5) and plotted it against Ro in Fig. 3. Here it
can be seen that for most of the Ro range the gradient is roughly
independent of Ra, as the filled and open symbols coincide rather
well. This observation was also made by Julien et al. [10], who in-
vestigated the gradient as a function of Ra for constant Ro = 0.75.
As Ro approaches Roc a sudden increase of the magnitude of the
gradient is found, rapidly approaching the conductive value of −1.
This can be interpreted as a ‘laminarisation’ of the flow under the
constraint imposed by strong rotation. It must be emphasised that
at the higher Ra = 2.5 × 107 the strongly decreased gradient is
expected close to Roc = 0.072, passing well beyond the current pa-
rameter range. Therefore, the rapid deviation is only found at the
lower Ra = 2.5 × 106 with the Ro values chosen here.

The non-zero bulk temperature gradient under rotation has
been treated in some previous studies [10,39] and its dependence
on the Prandtl number has also been discussed [9]. Julien et al. [10]
Fig. 3. Mid-plane temperature gradient as a function of Ro. Open symbols are for
Ra = 2.5 × 106, while filled symbols correspond to Ra = 2.5 × 107. The dashed line
on the right-hand side indicates the zero gradient at Ro = ∞. Also included is the
critical Rossby number Roc = 0.127 of linear stability for Ra = 2.5×106 (dash-dotted
line).

present a possible explanation for the non-zero bulk temperature
gradient under rotation. The background rotation causes increased
vorticity, aligned with the rotation, in the flow. Like-signed vortical
structures show mutual interactions, as occurs in two-dimensional
flows (especially vortex merger, see, e.g., [40,41]). Through the vor-
tex merging horizontal mixing is enhanced relative to vertical mix-
ing. As a result, the lower half of the domain remains warmer and
the top half cooler; increased thermal conduction balances the un-
stable gradient. In [10] it is also put forward that this effect should
be dependent on Ro, but not on Ra when Ro is taken constant.
This is indeed observed in our simulations: variation of Ra at con-
stant Ro indeed does not drastically change the magnitude of the
gradient, at least not for the current parameter range.

In order to investigate fluctuations in the temperature fields,
we turn to the rms of the temperature. This property is defined
here as Trms = √〈(T − 〈T 〉)2〉 in terms of averages over horizontal
planes and over time. The vertical profiles of Trms are depicted in
Fig. 4. The profile obtained in the non-rotating case is very simi-
lar to that found by Kerr [38]. The highest rms values occur near
the walls. When rotation is added the boundary-layer behaviour
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Fig. 4. Root-mean-square temperature fluctuations, Trms, as a function of z, for: (a) Ra = 2.5 × 106, (b) Ra = 2.5 × 107. The curves are labelled as in Fig. 2.

Fig. 5. Vertical rms velocities, wrms, as a function of z, for: (a) Ra = 2.5 × 106, (b) Ra = 2.5 × 107. The curves are labelled as in Fig. 2.
is not affected much. In the bulk, however, a strong increase of
the fluctuations is noticed, which can be explained as follows. The
plumes originate and are fed at vertical positions closer to the bot-
tom (top) plates (see the discussion of the skewness of vertical
velocity in Kunnen et al. [22]), and thereby are fed with warmer
(cooler) fluid than without rotation. However, this behaviour does
not persist to the asymptotic range of very low Ro. In fact, in the
lowest-Ro cases in Fig. 4(a) a rapid decrease of the fluctuations is
noticed, confirming the laminarisation under sufficiently strong ro-
tation. At the higher Ra the effects of rotation are less profound as
all cases considered are still highly supercritical, i.e., Ro � Roc .

We next proceed with the velocity, and first consider the rms
of the vertical velocity wrms = √〈w2〉 in Fig. 5. Notice that it is
meaningless to consider 〈w〉; since we are taking a planar average,
the average vertical velocity must by definition be zero due to in-
compressibility. The profiles of wrms reach their maximal value in
the central region. The stabilising effect of rotation is directly ob-
servable: with decreasing Ro the profiles are lowered, approaching
zero in the steady limit at Roc . When comparing the two Ra val-
ues studied, it is found that at the higher Ra value the spreading
in rms velocities as function of Ro is smaller. Indeed, at higher Ra
the flow is more turbulent at the adopted values for Ro, being far-
ther from the steady conductance value Roc than in the lower Ra
case.

For the treatment of the horizontal velocity components we fol-
low the definition of Kerr [38]:

urms =
√〈

u2
〉 + 〈

v2
〉
, (7)
where it is implied that 〈u〉 ≈ 〈v〉 ≈ 0. The correctness of this
assumption was verified separately. In Fig. 6 the vertical profiles
of urms are shown. From these results we clearly infer that also
horizontal fluctuations decrease with increasing rotation rates. In-
terestingly, we observe in Fig. 6(a) that in the central region the
curve corresponding to Ro = 4 (with left triangles) is at a higher
value than in the non-rotating Ro = ∞ case (thick solid line). This
arises since the plumes are spun up while accelerating away from
the walls, thereby gaining horizontal velocity. This is only a rather
small effect and rapidly the overall damping effect of rotation be-
comes dominant: the flow is driven in the vertical direction by
buoyancy, and thus if vertical velocities decrease the horizontal
components must follow suit.

As a summary of the previous results we plot the mid-plane
rms values of temperature, and, horizontal and vertical velocity as
a function of Ro in Fig. 7. The velocity statistics all show a sim-
ilar trend as a function of Ro. The values have an approximate
power-law dependence on Ro for a wide range of rotation rates.
For sufficiently low values of Ro approaching Roc a sudden drop
of velocity fluctuations towards zero occurs. Temperature fluctua-
tions have an opposite correlation for large Ro, and show the same
asymptotic decrease toward zero near Roc . The fitted power laws
for the scaling ranges are printed in Table 2. A comparison of the
two Rayleigh number cases shows that the relative fluctuations of
both velocity and temperature are smaller at higher Ra in the scal-
ing adopted here. Their dimensional forms do increase when Ra
is increased. A comparison of numerical values for Ra = 2.5 × 106,
Ro = 0.75 with the results reported in literature by Julien et al. [10]
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Fig. 6. Horizontal rms velocities, urms, as a function of z, for: (a) Ra = 2.5 × 106, (b) Ra = 2.5 × 107. The curves are labelled as in Fig. 2.
Fig. 7. Mid-plane rms values as a function of Ro. Open symbols are for Ra = 2.5 ×
106, while filled symbols correspond to Ra = 2.5 × 107. Included are urms (circles),
wrms (triangles), and Trms (squares). The dashed lines with open symbols on the
right-hand side indicate the corresponding values for Ro = ∞ at Ra = 2.5 × 106.
Also included is the critical Rossby number Roc = 0.127 of linear stability for Ra =
2.5 × 106 (dash-dotted line).

Table 2
Power laws fit to the root-mean-square velocities and temperatures of Fig. 7. The
fits are applied for 0.33 � Ro � 4.

Ra = 2.5 × 106 Ra = 2.5 × 107

urms (0.097 ± 0.002)Ro0.31±0.01 (0.0903 ± 0.0004)Ro0.272±0.005

wrms (0.114 ± 0.001)Ro0.254±0.009 (0.0980 ± 0.0005)Ro0.221±0.006

Trms (0.0773 ± 0.0006)Ro−0.178±0.007 (0.0563 ± 0.0003)Ro−0.129±0.008

shows excellent agreement: here we find Trms = 0.0795, compared
to Trms = 0.0793 of Julien et al. (with the value adapted to our
scaling). Considering the vertical velocity, wrms = 0.108 from this
work is to be compared to wrms = 0.110 (same adaptation of the
scaling of Julien et al.).

One of the prominent dynamic effects of the presence of back-
ground rotation is the introduction of strong vertical vorticity
ωz = (∇ × u)z into the flow field near the no-slip walls. As fluid
converges towards a site at which a plume forms inside the bound-
ary layer, it is spun up cyclonically, gaining positive ωz . While
the plume crosses the bulk its excess vorticity is gradually lost
and even anticyclonic vorticity may appear during spin-down and
radial outflow on the other side of the domain. The flow phe-
nomenology is described well as a collection of vortical plumes
through which vertical transport of heat and momentum takes
place [9,10,18,28,42–45].
Fig. 8. Root-mean-square vorticity, ωz,rms, as a function of z, for Ra = 2.5 × 106

and: Ro = ∞ (thick solid line), Ro = 4.00 (�), Ro = 2.50 (+), Ro = 1.33 (�), Ro =
0.75 (�), Ro = 0.4 (×), Ro = 0.16 (�) and Ro = 0.13 (
).

To quantify the effects of Ro on the vertical vorticity we fo-
cus on some characteristic Ro values at Ra = 2.5 × 106. We include
Ro = ∞ as a (non-rotating) reference case, Ro = 4.00, 2.50, 1.33,
0.75, 0.40, 0.16 and 0.13. In Fig. 8 we show the vertical profiles of
the rms vertical vorticity ωz,rms. It is verified that in all simulations
the horizontal planar average 〈ωz〉 is zero at all vertical positions.
The profile for Ro = ∞ is reminiscent of the wrms profile in Fig. 5,
with a broad maximum around the mid-plane. In case rotation is
added, for Ro < 2.50, two maxima arise close to the sidewalls, cor-
responding to the spin-up of converging fluid feeding the plumes.
The vertical position of the maxima matches well with the position
of the maxima in urms (cf. Fig. 6), reinforcing the notion that the
spin-up is a boundary-layer effect. The bulk value does not change
much under rotation for a wide range of Ro values. Only at strong
rotation (here for cases Ro = 0.4 and lower) a decrease in central
ωz,rms is experienced. Furthermore, we observe that the highest
ωz,rms value is not simply found in the case of highest rotation
(lowest Ro), but here around Ro = 0.4. Apparently, at a sufficiently
low value of Ro the stabilising effect of rotation becomes so im-
portant that it effectively suppresses fluid motion.

To further characterise the effect of rotation on vorticity, we
concentrate on the vertical-vorticity skewness Sωz = 〈ω3

z 〉/ω3
z,rms.

This is a measure for the asymmetry of the cyclonic/anticyclonic
vorticity distribution. In Fig. 9, we plotted vertical profiles of Sωz .
A positive value of Sωz indicates that strong cyclonic (positive)
vorticity is preferred by the system, with weaker anticyclonic (neg-
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Fig. 9. Skewness of vorticity, Sωz , as a function of z, for Ra = 2.5 × 106. Symbols as
in Fig. 8.

ative) vorticity filling a larger portion of the domain to retain the
required zero average vorticity over horizontal cross-sections. Intu-
itively, one would expect the skewness to be larger at higher rota-
tion rate, but it is found that the dependence is not monotonous.
In fact, there is a rotation-rate at which skewness is most pro-
nounced, see Fig. 9. Without rotation the vorticity distribution is
virtually symmetric at all heights. Correspondingly Sωz ≈ 0, as in-
dicated by the thick solid line. For the cases with non-zero rotation
in Fig. 9 there is positive skewness throughout the layer. At the
mid-plane Sωz is only very weakly dependent on Ro, while close
to the walls large differences are found. There is a strongly anti-
symmetric vorticity distribution near the walls for intermediate Ro,
maximal near Ro = 2.5, while the skewness for very low Ro (e.g.,
in case Ro = 0.16) tends toward zero near the walls and becomes
largest in the central region. This points at a change in flow struc-
turing. At Ro � 0.4 a turbulent state is found, with localised ‘bursts’
of vorticity formed near the walls and then penetrating the bulk of
the domain (cf. the visualisations in [10]). At lower Rossby num-
bers these bursts of vorticity can cover the entire vertical extent of
the domain and a clear columnar structuring is observed. We dis-
cussed this particular columnar structuring in more detail in [46],
where a visualisation of the columns and ensemble-averaged pro-
files of velocity, temperature, and vorticity are presented for the
vortical columns. The columns are near-symmetrical in the ver-
tical direction. The mid-plane vorticity asymmetry is somewhat
larger than in the turbulent state. The skewness of vorticity has
also been discussed by Vorobieff and Ecke [45], but differences
in domain composition (a cylinder with rigid walls was used by
Vorobieff and Ecke compared with our horizontally periodic box)
and Prandtl number (Vorobieff and Ecke used σ = 5.81 while here
σ = 1) prevent a more detailed comparison here. Julien et al. [10]
also discuss Sωz . For Ra = 2.5 × 106, Ro = 0.75 only the extremal
value Sωz ≈ 4.5 is given, which matches very well with the ex-
tremal value observed in the current simulations.

The tendency for extreme values of vorticity to occur in the
flow can be quantified with the kurtosis Kωz = 〈ω4

z 〉/ω4
z,rms. A high

kurtosis indicates that extreme values occur frequently. For refer-
ence, the kurtosis of a Gaussian distribution is 3, while an expo-
nential distribution has a kurtosis of 6. In Fig. 10 the kurtosis is
depicted as a function of the vertical coordinate z. In absence of
rotation the kurtosis is nearly constant at a value close to 6 in
the central region, with a slight increase near the walls. The ad-
dition of a relatively weak rotation (Ro = 2.5 or Ro = 4.0) has a
dramatic effect on the kurtosis near the walls. The considerably
higher kurtosis points to the occurrence of vorticity near the walls
of magnitude many times ωz,rms. Also at Ro = 0.75 and Ro = 1.33
there are pronounced maxima near the walls, but since ωz,rms is
considerably larger near the walls for these Rossby numbers the
numerical value of Kωz is not as large. At the two lowest Ro con-
sidered here, the near-wall kurtosis approaches the value 3. Also
for a Gaussian distribution K = 3. In the central bulk region, how-
ever, Kωz becomes the largest of all cases considered here. This is
an additional effect of the columnar structuring.

3.2. Probability density functions of velocity, temperature and vorticity

Changes in flow properties due to rotation, at large and small
scales can be illustrated by computing the probability density func-
tion (PDF) of several characteristic properties. We include PDFs of
vertical velocity, temperature and vertical vorticity at two vertical
positions: at mid-height (z = 0.5) and at z ≈ 0.05 close to the bot-
tom wall. Results for two Rayleigh numbers at the same Rossby
number of Ro = 1.33 are compared in Fig. 11, while the influence
of rotation is assessed at constant Ra = 2.5 × 106 for several rota-
tion rates, i.e., at Ro = ∞,0.75,0.16 in Fig. 12.

Starting with the constant-Ro, variable Ra comparison of Fig. 11,
it is found that the bulk PDFs are similar in shape for both Ra
values considered. Vertical-velocity and temperature distributions
are nearly Gaussian. In the temperature PDFs the transition to a
near-exponential shape, found earlier in non-rotating convection
in cylindrical domains for high Ra � 4 × 107 and σ = 0.7 [33,47],
is indeed not observed at the current Ra values. The exponential
distribution was postulated to be caused by intermittent releases
of thermal plumes from the boundary layers. Exponential tempera-
ture PDFs have subsequently also been found in water (σ ≈ 5) [48]
and in mercury (σ ≈ 0.02) [49]. In the rotating case there is both
numerical [10] and experimental [50] evidence that the temper-
ature PDF remains close to Gaussian, which is confirmed here.
Exponential vorticity PDFs are recovered, as in Refs. [10,30], em-
phasising the structuredness of the vorticity field into localised
regions of strong vorticity [30]. The slight positive skewness was
already noted in Fig. 9.

Closer to the wall the distributions change considerably. At
Ra = 2.5 × 106 the vertical-velocity PDF, shown by the solid line
in Fig. 11(d), is strongly skewed towards positive values, i.e., strong
motion directed away from the wall is favoured [22]. The effect
is almost absent for the higher Ra distribution. This is due to
the fact that the vertical position at which the PDF was recorded
is just outside the (thinner) boundary layer: at Ra = 2.5 × 106

(Ro = 1.33) the viscous boundary layer thickness is δν = 0.053,
while at Ra = 2.5 × 107 (Ro = 1.33) it is δν = 0.034 (δν is based
on position of maximal rms velocity). A Gaussian distribution is
recovered there. The occurrence of a skewed distribution is thus
strongly coupled with the boundary layer region, as it is within
the boundary layer that the vortical plumes originate.

The temperature PDFs are ‘cut off ’ on the right-hand side by
the temperature boundary condition on the wall. The sum of mean
temperature plus any fluctuations must always remain between 0
and 1. This condition, with the rather high mean temperature at
this height (see Fig. 2, at z ≈ 0.05), does not allow strong pos-
itive temperature fluctuations, therefore the sudden drop on the
right-hand side of these PDFs. Mainly for the higher Ra-value the
distribution is skewed towards higher temperature, which is in-
dicative of the ‘warm’ vortical tubes that originate near the bottom
wall.

Vorticity PDFs are extremely skewed to the right (see also
Fig. 9), pointing to the formation of the vortical tubes possessing
strong cyclonic (positive) vorticity that were discussed earlier. The
very broad tail on the right-hand side is responsible for the large
kurtosis observed near the walls in Fig. 10.

We proceed with the comparison of PDFs at various Ro, while
keeping Ra = 2.5 × 106, given in Fig. 12. The non-rotating (Ro = ∞,
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Fig. 10. Kurtosis of vorticity, Kωz , as a function of z, for Ra = 2.5 × 106. Symbols as in Fig. 8. (a) Full range. (b) Close-up of the lower Kωz values.

Fig. 11. PDFs of various flow properties at Ro = 1.33 for Ra = 2.5 × 106 (solid lines) and Ra = 2.5 × 107 (dashed lines). The top row (a)–(c) is for the mid-plane z = 0.5,
while the bottom row (d)–(f) is taken close to the lower wall at z ≈ 0.05. Quantities included are: (a), (d) vertical velocity w , (b), (e) temperature T , and (c), (f) vertical
vorticity ωz . The dotted lines in (a), (b), (d), (e) are reference Gaussian distributions; dotted lines in (c), (f) are reference exponential distributions.
solid lines) distributions reported here show a good agreement
with those of Balachandar and Sirovich [51]. Vertical velocity has
a narrower-than-Gaussian shape in the centre, while near the wall
a considerable negative skewness is found [22]. The temperature
PDF at the mid-plane has exponential tails related to strong fluc-
tuations [51] but the tails must be bounded at finite temperatures
by the boundary conditions. Near the wall a similar distribution to
that of Fig. 11(e) is found. Exponential distributions are found for
vorticity, just as Balachandar and Sirovich report [51].

The addition of a moderate rotation (displayed at Ro = 0.75
by the dash-dotted lines, and by the solid lines at Ro = 1.33 in
Fig. 11) provides Gaussian velocity and temperature statistics at
the mid-plane [10]. The vorticity PDF remains exponential, with
a slight positive skewness. Julien et al. [30] draw parallels with the
so-called ‘hard turbulent convection’ [33,47] based on these ex-
ponential PDFs and their reported Nu ∼ Ra2/7 scaling that is also
recovered at Ro = 0.75, as these two findings are characteristic for
the hard turbulent convection. Near the wall the skewness of the
velocity PDF changes sign. We elaborated on this observation in
Ref. [22]. For the vorticity the strong positive skewness is appreci-
ated.

At the highest rotation rate (Ro = 0.16, dashed lines) a trend
toward Gaussian statistics is found in all PDFs. Thus a state is
achieved in which the vortical plumes are not as dominant, in the
sense that extreme vorticity fluctuations are much rarer. The vor-
ticity distributions retain a small positive skewness. This indicates
that a near-equilibrium between the number of cyclonic and an-
ticyclonic vortical tubes is reached in contrast with the strongly
skewed ratio for moderate rotation [45].

3.3. Kinetic energy budget

The dynamics of turbulent flow in the Rayleigh–Bénard configu-
ration, and the influence of rotation on it can be characterised fur-
ther by concentrating on the kinetic energy. The budget equation
for the averaged turbulent kinetic energy 〈E〉 = 〈(u2 + v2 + w2)/2〉
in convection is [52–54]

〈wT 〉 +
√

σ ∂2

2
〈E〉 − ∂ 〈w E〉 − ∂ 〈wp〉 − ε = 0, (8)
Ra ∂z ∂z ∂z
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Fig. 12. PDFs of various flow properties at Ra = 2.5 × 106 for Ro = ∞ (solid lines), Ro = 0.75 (dash-dotted lines) and Ro = 0.16 (dashed lines). The top row (a)–(c) is for the
mid-plane z = 0.5, while the bottom row (d)–(f) is taken close to the lower wall at z ≈ 0.05. Quantities included are: (a), (d) vertical velocity w , (b), (e) temperature T , and
(c), (f) vertical vorticity ωz . The dotted lines are reference Gaussian or exponential distributions.
where 〈·〉 denotes averaging over a sufficiently long time and over
the horizontal directions. The first term is the buoyant production,
the second term is due to molecular dissipative transfer, the third
is the turbulent transport term, the fourth is the pressure transport
term, and the fifth is the dissipation rate ε = √

σ/Ra(∇u : (∇u)T ).
A remark must be made concerning the third term (turbulent
transport): in case of the presence of a mean horizontal velocity
V the term −∂〈w E〉/∂z also contains production of kinetic energy
by shear −〈v w〉(∂V /∂z) [54]. Although not completely equivalent
to the large-scale circulation of confined convection, a global or-
ganisation of the mean flow is also found in horizontally periodic
domains [55–57]. These large-scale flows may produce turbulent
kinetic energy through shear production.

In the statistically stationary state, averaging over sufficiently
long time implies that d〈E〉/dt = 0. The addition of rotation does
not change this equation directly. However, the balance of these
terms may change indirectly, thus characterising rotational effects.

In Fig. 13 we present the five terms in the budget equation
(8) and their dependence on z at Ra = 2.5 × 106 for four differ-
ent Rossby numbers, viz. Ro = ∞,1.33,0.75 and 0.16. The case
Ro = ∞ in Fig. 13(a) shows profiles very similar to those reported
in Refs. [52–54]. The conjecture of Kerr [54] that pressure trans-
port (dash-dotted line) dominates over turbulent transport (thin
solid line) in the boundary layer (z � 0.9) is readily confirmed by
our simulations. A consequence is that shear production is not im-
portant in the boundary layer; instead, pressure transports energy
from the bulk into the boundary layer [54,57], where it is dis-
sipated. This contrasts with the energy budget for the boundary
layer in turbulent channel flow [58] where the kinetic energy is
actively produced by the shear in the boundary layer, and pressure
transport is found to be only a small contribution. Very close to
the wall the energy budget basically consists of a balance between
molecular transfer (dotted line) and dissipation (dashed line). In
the bulk the buoyant production is seen to be balanced predom-
inantly by the dissipation term, with some contribution from the
pressure-driven transport of energy to the boundary layers.

Under strong rotation [e.g., Fig. 13(d)], all terms in the bud-
get are strongly reduced. This shows that under these conditions
the turbulence intensity is considerably lowered, as already dis-
cussed previously. At moderate rotation-rates, cf. Figs. 13(b), (c),
only quite gradual changes in the budget can be observed for most
of the terms, compared to the non-rotating case. No qualitative
changes are observed except in the turbulent transport, which is
seen to change sign under rotation. At zero rotation there is tur-
bulent transport of energy from the boundary layer into the bulk,
while under rotation this transport is reversed. These changes are
better interpreted with a plot showing actual changes in the vari-
ous terms by subtracting the corresponding Ro = ∞ terms.

Changes in the production and dissipation terms relative to
the non-rotating case are of interest to understand effects of rota-
tion. These are collected in Fig. 14, where the differences between
contributions from the rotating- and the non-rotating case are dis-
played. The buoyant production terms show an increased value
close to the boundaries, while the difference in the bulk is very
small. This is an indication of the added vertical heat transfer un-
der moderate rotation. Under these conditions, rotation expresses
itself by increasing the amount of fluid with a higher thermal con-
trast, from regions close to the walls, to participate in the buoyant
production.

The dissipation is seen to be redistributed in Fig. 14: in the
(thinner) boundary layers the dissipation is reduced, while an in-
crease is found throughout the bulk. Due to the formation of
vortical plumes with considerable horizontal velocity, stronger hor-
izontal velocity gradients are formed between the plumes outside
of the boundary layers. Thereby the dissipation is increased. The
boundary layers have a reduced thickness, and the dissipation in-
side the layers is smaller.

Now we can address the changes in the turbulent transport
term under rotation. The vertical profile of this term without sub-
traction of the corresponding Ro = ∞ profile, but divided by 20,
is also included in Fig. 14. It can be concluded that the turbu-
lent transport term represents the Ekman transport of the buoyant
production maxima of Fig. 14 toward the bulk, where the extra
dissipation is now found. Quantitatively these graphs do not show
the full redistributions: actually all the transport terms change in
magnitude (not shown explicitly), but only the turbulent transport
term shows a radically different behaviour due to the presence of
background rotation.

In Fig. 15 we presented the kinetic energy budget at the larger
Ra = 2.5 × 107, with Ro = 1.33. It is found that the dimension-



R.P.J. Kunnen et al. / European Journal of Mechanics B/Fluids 28 (2009) 578–589 587
Fig. 13. Kinetic energy budget. Terms shown are: 〈wT 〉 (thick solid line),
√

σ/Ra∂2〈E〉/∂z2 (dotted line), −∂〈w E〉/∂z (thin solid line), −∂〈wp〉/∂z (dash-dotted line),
−ε (dashed line). Included are: (a) Ro = ∞, (b) Ro = 1.33, (c) Ro = 0.75, (d) Ro = 0.16. The curves are symmetrical in z = 0.5. Only 0.85 � z � 1 is shown; the terms
remain approximately constant for 0.15 � z � 0.85.

Fig. 14. Differences from Ro = ∞ [Fig. 13(a)] of buoyant production 〈wT 〉Ro − 〈wT 〉Ro=∞ (thick solid line) and dissipation εRo − εRo=∞ (dashed line) terms for (a) Ro = 1.33
and (b) Ro = 0.75. The thin solid line is the full term −∂〈w E〉/∂z, divided by 20 for scale.
less numerical values decrease (notice the change of scale on the
horizontal axis compared to Fig. 13). This is just an effect of the
nondimensionalisation with the Ra-dependent velocity and time
scales that are used in this paper. The other features of the en-
ergy budget are very similar to those seen at the lower value of
Ra, with the exception that the boundary-layer region is thinner at
the higher Ra-value.

4. Conclusions

Effects of rotation on turbulent Rayleigh–Bénard convection
have been assessed with direct numerical simulation. The results
show that rotation stabilises the flow, i.e., averaged turbulence
intensities decrease. Curiously, there is a range of rotation rates,
where, in spite of the reduced turbulent intensity, the heat trans-
fer is increased relative to the non-rotating situation [15,18,19,
22,23,26]. The Ekman boundary layer that connects the vortical
plumes to the walls ‘pumps’ fluid from very close to the wall (and
thus with considerable thermal contrast) into these plumes [9,10].
Hence an added vertical fluid transport takes place which also
increases the heat transfer. This added Ekman transport is also ob-
served in the kinetic energy budget of the flow.

Another important effect is the average temperature gradient
over the fluid bulk [10,39]. The gradient is shown to be dependent
on Ro, but not so much on Ra at constant Ro [10]. Increased lateral
mixing, indirectly found in the kinetic energy budget as enhanced
energy dissipation in the bulk, may account for the persistence of
this gradient.

Probability density functions show the existence of extreme
vorticity structures, both with and without rotation, pointing at
a state of ‘hard turbulence’ [30]. The temperature has Gaussian
statistics [10,50], unlike the nearly exponential statistics in the
non-rotating case [47]. This suggests that mixing of temperature
variance is indeed enhanced under rotation, as extreme fluctu-
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Fig. 15. Kinetic energy budget for Ra = 2.5×107, Ro = 1.33. Line styles are the same
as in Fig. 13.

ations are rarer. Vorticity PDFs show exponential shapes at the
mid-plane [10]. Near the walls extreme positive skewness is found,
indicative of the strong cyclonic vorticity generated there through
the Ekman mechanism [10].

The results presented here are useful as a system in which side-
wall effects are absent. It is applicable as a model to unbounded
convective flows, such as found in the atmosphere. However, com-
paring these results for horizontally unbounded convection to ex-
periments is rather difficult. As is mentioned in the introduction
the sidewalls are found to have considerable impact on the flow-
structuring and the heat transfer, even for confined large-aspect-
ratio domains. Therefore, we are performing further simulations
in a confined cylindrical domain, which are more easily compared
with experiments. The first results of these simulations have been
reported in [26].
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Rayleigh–Bénard convection. II. Boundary layer character and scaling, Phys.
Rev. E 77 (2008) 036312.

[58] N.N. Mansour, J. Kim, P. Moin, Reynolds-stress and dissipation-rate budgets in
a turbulent channel flow, J. Fluid Mech. 194 (1988) 15–44.


	Turbulence statistics and energy budget in rotating Rayleigh-Bénard convection
	Introduction
	Numerical procedure and validation
	Rotational dependence of flow statistics
	Vertical profiles for temperature, velocity and vorticity
	Probability density functions of velocity, temperature and vorticity
	Kinetic energy budget

	Conclusions
	Acknowledgements
	References


